INTRODUCING 3-PATH DOMINATION IN GRAPHS

RAYAN IBRAHIM!, REBECCA JACKSON?, ERIKA L.C. KING?
LCollege of Staten Island, Staten Island, New York 10305
2 Charleston Southern University, North Charleston, SC 29406
3 Hobart and William Smith Colleges, Geneva, New York, 14456

ABSTRACT. The dominating set of a graph G is a set of vertices D
such that for every v € V(G) either v € D or v is adjacent to a ver-
tex in D. The domination number, denoted v(G), is the minimum
number of vertices in a dominating set. In 1998, Haynes and Slater
introduced paired-domination. Building on paired-domination, we
introduce 3-path domination. We define a 3-path dominating set of
G tobe D ={Q1,Q2,...,Qk|Q; is a 3-path} such that the vertex
set V(D) =V(Q1)UV(Q2)U---UV(Qk) is a dominating set. We
define the 3-path domination number, denoted by vp, (G), to be the
minimum number of 3-paths needed to dominate G. We show that
the 3-path domination problem is NP-complete. We also prove
bounds on yp,(G) and explore particular families of graphs such
as Harary graphs, Hamiltonian graphs, and subclasses of trees. We
leave the reader with a conjecture stating vp,(G) < 3.

1. INTRODUCTION

In this paper, assume any graph G = (V, E) is finite and simple with
vertex set V' and edge set E. A dominating set D C V of G is a set
such that every vertex v € V' is either in D or adjacent to a vertex in D.
The domination number of G, denoted v(G), is defined as the minimum
cardinality of a dominating set of G. One can think of vertices as rooms
and edges as hallways. The vertices of D are rooms where guards are
stationed with the ability to monitor adjacent rooms. Many variations
on domination have been studied. See Haynes et al. [3] for an intro-
duction to many of these areas. In 1998, Haynes and Slater introduced
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paired-domination (5] in which the induced subgraph on a dominating
set of vertices contains a perfect matching. In this instance, we say
that every guard has another guard watching their back. The paired-
domination number, denoted ~,,(G) (originally denoted as 7,(G), but
later changed), is the minimum cardinality of a paired-dominating set
of G.

We introduce a natural extension of paired-domination, namely 3-
path domination. We say @); is a 3-path if it is a path on some 3 vertices
{a,b,c} € V(G) with edges {ab,bc} € E(G). We define a 3-path dom-
inating set of G to be D = {Q1,Q2,...,Q} such that the vertex set
V(D) = V(Q1) UV(Q) U---UV(Qg) is a dominating set. Here we
continue our anology by allowing stationed guards to walk between 3
rooms and look down hallways extending from those 3 rooms. The
3-path domination number, denoted yp,(G), is the minimum cardinal-
ity of a 3-path dominating set. We choose ~yp, as notation since P, is
commonly used to refer to the path graph on n vertices (that is, the
graph G with V(G) = {v1,v9,v3} and E(G) = {v1v2,v9v3}.) We will
use the abbreviation 7p,-set for a minimum 3-path dominating set.

In this paper we prove that determining vp, is NP-complete and then
establish bounds on ~yp, for all graphs, specifically

15,(G) < V‘?’J.

2

Tighter bounds and formulas for vp, for specific families of graphs such
as caterpillars, Harary graphs, banana trees, paths, and cycles are also
explored. We leave off with a conjecture,

n
<[5

based on results from Haynes and Slater [5] and mainly intuition.

2. THE 3-PATH DOMINATION PROBLEM IS NP-COMPLETE

In 1998, Haynes and Slater proved that the paired domination prob-
lem was NP-complete [5]. We generalize this result to show the 3-path
domination problem is also NP-complete.

Theorem 2.1. Deciding for a given graph H and positive integer K
such that 3K < |V(H)|, “Is yp,(H) < K?” is NP-complete.

Proof. We will use the known NP-complete domination problem, “For a
given graph G and a positive integer K, is v(G) < K?” [2]. Let V(G) =
{v1,v9,...,u,}. Construct graph H by letting V(G;) = {vi, v}, ..., 0%}
for 1 <4 < 6 and letting vjv, € E(G;) if and only if vyu, € E(G).
Let H be the graph created by these six disjoint copies of G and by
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adding the following edges. Let vivZ, vivy, and v)v8 be in E(H) if and
only if either h = k or vjv, € E(G). Add the edges viv} and viv)
for 1 < h < nto H. Thus the graph H has 6n vertices and can be
constructed from G in polynomial time.

We claim that y(G) < K if and only if vp,(G) < K.

Assume D C V(G) is a dominating set of G with |D| < K. Let R
be a set of 3-paths with R = {{v},v?, v} }|vy, € D}. Thus R is a 3-path
dominating set of H with |D| < K, so vp,(H) < K.

Now, assume R is a 3-path dominating set of G with |R| < K. Let
T =Up,er V(Qi). Since 3-paths are not necessarily disjoint and have
3 vertices each, |T| < 3K. Thus since G; UGy = G35 U Gy = G5 U Gg,
we can assume that [Ty = |T'N(V(G) UV(Gy))| < K. Let T* =
{vilv; € T12}U(TNV(Gy)). Then |T*| < |Tio| < K and T* dominates
V(Gs). Hence, v(G) < K. O

Having shown that the 3-path domination problem is NP-complete,
we find bounds on yp, and formulas for families of graphs.

3. BounDS ON THE 3-PATH DOMINATION NUMBER

We find bounds based on the parameters of a graph G, namely v(G),
Ypor(G), and the maximum degree of a vertex in G, denoted A(G). Note
that 3-path domination requires any component of a graph to have at
least three vertices.

Theorem 3.1. For a graph G on n > 3 vertices, @ < vp,(G).

Proof. Let D be yp,-set of G and V(D) be the set of vertices in D. Then
\V(D)| < 3|D| = 3vp,(G) since counting 3 vertices per 3-path does not
account for 3-paths that share vertices, this may result in overcounting.
Furthermore, |V (D)| > v(G) as V(D) forms a dominating set of G. So
we have

1(G) < [V(D)] < 37p,(G),
and solving yields @ < vp, (G). O

For the next lower bound, we generalize an argument from Haynes

and Slater involving A(G). [5]

Theorem 3.2. For a connected graph G on n > 3 wvertices, 3%(0) <

VP, (G)

Proof. Let D be a yp,-set of a graph G on n vertices, and let ¢ be
the number of edges in G having one vertex in V(D) and the other in
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V(G)\ V(D). Since A(G) > deg(v) for all v € V(D) and each vertex
in V(D) has at least one neighbor in V(D),
t < (A(G) = DV(D)]
< (A(G) = 1)3yp(G).

In addition, t > |[V(G) \ V(D)] since there is at least one edge for
every vertex in G that is not in V(D). So,

t= [V(G)\ V(D)

=n—|V(D)|
> n —37p,(G).
So we have n —3yp,(G) <t < (A(G)—1)37vp,(G), and solving yields
sa@ < p(G). O

Having established some lower bounds on 7p,, we explore some upper
bounds.

Theorem 3.3. For a connected graph G on n > 3 vertices, vp,(G) <
Yor(G)

2

Proof. Let G be a graph with |[V(G)| > 3 and D be a 7,.-set of G.

Since there are W”TT(G) pairs of vertices in D, we can create a 3-path

using each pair and a neighbor. This forms a 3-path dominating set
Ypr (G)

with cardinality 5. 0

Notice that the pairs of vertices in a 7,,-set are vertex disjoint (if
they are not vertex disjoint, then the induced subgraph on a ~,,-set
would not contain a matching, let alone a perfect matching.) This is
not always the case for 3-path domination, as shown in Figure 1.

For the following lemma, we note that a 3-path dominating set of
a graph G is minimal if the removal of any one 3-path from the set
results in G no longer being dominated. A private neighbor of a 3-path
@ is a vertex that is dominated by ) and no other 3-path.

Lemma 3.4. For a graph G with n > 3, there exists a minimal 3-path
dominating set that is edge-disjoint.

Proof. Let G be a graph and D be a minimal 3-path dominating
set on (G. Suppose there are two 3-paths in D that share an edge,
Q1 = {v1,v9,v3} and Q2 = {vq,v3,v4}. Consider the following two
possibilities:

Referring to Figure 2, )1 and ()3 each have at least one private
neighbor. If @)1 or ()2 do not have any private neighbors, then D is
not minimal as G would still be dominated if we remove one path
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FIGURE 1. An example of a 7yp,-set with vyp,(G) = 2.
Notice both 3-paths must share the vertex v,. This is
independent of our set being {vivous, v4v9v5} oOr
{’011)21)5, U4UQUg}

FiGure 2. The configurations where two 3-paths,
namely {vy, vo,v3} and {vy, v3,v4}, can share an edge.

without private neighbors. Let p; be a private neighbor of @)1 and ps
be a private neighbor of ()5. Note, p; must be adjacent to vs on the
left case and v; on the right case, and ps must be adjacent to vy in
both cases, otherwise they would be dominated by both @), and @Qs.
Without loss of generality, we set )} = {vg, v3, p1} in the left case, and

" = {pl,vy,v3} in the right case, making @} and Qs edge-disjoint.
After this change, D is not guaranteed to be minimal. If D is no longer
minimal, it must be the case that )} dominates what were the only
private neighbors of some other 3-paths before the change. So, we can
remove 3-paths that do not have any private neighbors in a way such
that we obtain a new minimal 3-path dominating set D’. Repeat this
process until there are no longer any edge-intersecting 3-paths. U

Corollary 3.5. For a connected graph G on n > 3 vertices, vp,(G) <

VE(G)‘J -
5| -

Proof. Let G be a graph with |V (G)| > 3 and D be a 3-path dominating
set of G. Using Lemma 3.4, D can be made such that no two 3-paths in
D share an edge, and so we can count one 3-path for every two unique

edges. In the case that G has an odd number of edges, we count %
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pairs of edges for each 3-path. The resulting set of 3-paths would still
be a dominating set, as the remaining edge, say v,vi, must be incident
to one of the counted edges, and thus v, and v, are dominated. So we

have |D| < {&QG)IJ O

Having an upper bound in terms of the number of edges of G is useful
when dealing with classes of graphs whose number of edges directly
relate to the number of vertices. For example, if we consider a tree T'
on n vertices, |E(T)| = n — 1, and so vp,(T) < |251]. Using similar
logic in the odd case of Corollary 3.5, we can improve this upper bound
for trees. For the next corollary, we say a leaf of a tree is a vertex of
degree 1, and the diameter of a graph G is the longest path between a

pair of vertices in G, denoted diam(G).

Corollary 3.6. For a tree T on n > 3 wvertices with diam(T") > 4,
Vp,(T) < | 2=5=2| where L is the number leaves of T'.

Proof. Let T be a tree on n > 3 vertices, L be the number of leaves
of T, and diam(7T") > 4. Using Corollary 3.5, we have vp,(T) < | 252 |.
Notice that we do not need to use any leaves in a 3-path, as all leaves
must be adjacent to a vertex in a 3-path. So, we only need to use at
most n — L vertices to make our 3-path dominating set, or at most

n— L —1 edges. So vp,(T) < [2=£=1]. O

Note that the bound does not work for diam(7") = 2 or diam(7") = 3.
If diam(T") = 2 then T" has n — 1 leaves, and so we obtain yp,(7') < 0
when vp,(T) = 1. If diam(T") = 3 then vp,(T") = 1, however we may
obtain vp,(T) < 0 if T is the path graph on 4 vertices.

Consider the following observation.

Observation 3.7. If an edge is added to a graph G to form a new
graph G*, then vp,(G*) < vp,(G).

Intuitively, one can think of adding edges as increasing the adjacen-
cies in a graph. The more adjacencies in a graph, the less number of
3-paths are needed to dominate the graph. Refer to Figure 3 for an
example.

A spanning tree T of a graph G is a tree such that V(T) = V(G)
and E(T) C E(G). We now use Observation 3.7 and spanning trees to
establish a bound for general graphs.

Theorem 3.8. For any connected graph G, vp,(G) < [252].

Proof. Let G be a graph on n vertices and let Ti; be its spanning tree.
Notice, since V(1) = V(G) and E(Tg) C E(G), we can construct G
from T by adding the missing edges in E(G)\ E(T¢). By Observation
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1 Vg V3 Vg Vs Vg

FIGURE 3. An example of how adding edges to a graph
can eliminate the need for a 3-path in the resulting graph.
We start with paths {vjvov3} and {vsvsvs}. When we
add an edge, we end up only needing one 3-path, namely
{U2U31)4}.

3.7, every new graph gained by adding an edge and starting from T
will potentially have a lower 3-path domination number. So, vp,(G) <
vp,(Tc;), and since T is a tree on n vertices, vp,(Tg) < | 2=£=1| where
L is the number of leaves of T;. Since L > 2 for trees with at least 2

vertices, vp,(Te) < [%52]. O

Note that spanning trees are not necessarily unique. A graph may
have several spanning trees and we can improve this bound if we are
particular about our choice of a spanning tree. A maximum leaf span-
ning tree (MLST) of a graph G is a spanning tree of G that has the
most leaves possible. Choosing a MLST as a spanning tree allows us
to maximize L in the upper bound given in Corollary 3.6, and in turn,
gain a tighter upper bound. The MLST problem is NP-complete, how-
ever Fernau et al. present a branching algorithm for finding a MLST
in time O(1.8966") [2] [1]. In addition, there are polynomial time ap-
proximation algorithms for the MLST problem [4]. As a final note, the
MLST problem is analogous to the connected dominating set problem.
A set D is said to be a connected dominating set if for every v,u € D,
there is a path from v to u using only vertices in D.

We present a natural conjecture for an upper bound.

Conjecture 3.9. For any connected graph G on n > 3 vertices,
v (G) < [51

We base our conjecture on intuition (as one would), as well as the
following.

Theorem 3.10. /5] If the connected graph G hasn > 6 and §(G) > 2,
then
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Using Theorem 3.3 and Theorem 3.10, we can establish the following
theorem.

Theorem 3.11. If the connected graph G has n > 6 and 0(G) > 2,
then
VPs (G) <

w3

4. CLASSES OF GRAPHS AND THEIR 3-PATH DOMINATION NUMBER

While results for all connected graphs are desirable, it is useful to
restrict ourselves to families of graphs to obtain formulas and tighter
upper bounds. A path graph denoted P,, is a connected graph on n
vertices with two vertices of degree 1, and n — 2 vertices of degree 2. A
cycle, denoted C,,, is a connected graph on n vertices where deg(v) = 2
for every v € V(C,,).

Theorem 4.1. Forn > 3, vp,(P,) = vp,(C,) = [%1

Proof. Suppose we have P, for n > 3. Say n = 5q + k for nonnegative
integers g and k < 5. If £ = 0, we can partition P, into ¢ vertex-disjoint
segments S; where |V(S;)] = 5 (Refer to Figure 4.) If 1 < k < 5, we
have ¢ vertex-disjoint segments .S; where |V (S;)| = 5, and one left over
segment S,1; with k vertices. We can dominate at most five vertices
with a 3-path in P, specifically the three in the 3-path and potentially
two others adjacent to the ends. In order to dominate in the best
possible manner, the vertices adjacent to the ends of a 3-path must be
private neighbors of the 3-path. Notice by the way we segment P, , each
3-path will have the maximum number of private neighbors, with the
exception of the additional 3-path needed to dominate the remainder
segment and its adjacent segment (the 3-paths of S, and S,41 may
share neighbors). So, we have dominated P, in the best way possible.

The same logic holds for C),, as the maximum possible number of

private neighbors for a 3-path in C,, is 5. U
Sl 52
O—0—0 0 (0000 0 OO0 0

F1GURE 4. Path graph where black vertices are in a 3-path.

Corollary 4.2. If G has a Hamiltonian path, then vp,(G) < (%W
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n

Proof. Suppose P, is a Hamiltonian path of G. Since vp,(P,) = ’—3-‘
and G is obtained from P, by adding edges, by Observation 3.7, we

find that vp,(G) < [2]. O

Introducing even the slightest complexity to a graph can hinder our
ability to find a formula for vp,(G). One such exampleis the caterpillar
tree. A caterpillar is a tree in which every leaf is adjacent to a central
path, or stalk. See Figure 5 for an example.

N U O

FIGURE 5. An example of a caterpillar with central stalk
having 11 vertices (black). The removal of leaves yields
the path graph Pi;.

We will use the following observations in order to prove the next
theorem.

Observation 4.3. If a vertex u is adjacent to a vertex of degree 1 in
V(G), then w must be part of a dominating 3-path.

Observation 4.4. If a new vertex is connected by a single edge to a
graph G to form a new graph G*, then vp,(G) < vp,(G*)

Theorem 4.5. Let A be a caterpillar with stalk S and let m = |V (L)|.

Then ["#2] < p,(A) < [%2].

Proof. Let A be a caterpillar with stalk S such that |[V(S)| = m and
L leaves. Then there exists a longest path in A, P, o, such that
V(L) C Pyi2. Any vertex in V(A \ Pny2) must be adjacent to a
vertex of P,io. Thus vp,(A) > 7vp,(Pni2) by Observation 4.4. By
Theorem 4.1, yp,(Pri2) > [

Let A be a caterpillar such that every v; € V(S) is adjacent to a
leaf. Then, each of the v; must be part of a 3-path by Observation 4.3.
Furthermore, since every vertex of A is either in V(.S) or adjacent to a
vertex in V(.5), V(S) is a dominating set of A. So we pick our 3-paths
Q; such that that they are vertex disjoint, or V(Q1) NV (Q2)N--- =10
for every @); except for possibly two. Notice that if m is not a multiple
of 3, then two of our 3-paths cannot be vertex disjoint. The least

number of 3-paths we can take in this case is (?W So the maximum

number of 3-paths needed for a caterpillar is at most [%W 0
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FIGURE 6. A caterpillar in which every vertex that is
not a leaf is adjacent to a leaf. Black vertices are those
that must be included in a 3-path, and so we partition
the vertices in groups of 3 (with the possible exception
of two 3-paths) to use the least number of 3-paths as
possible.

A banana tree, denoted B, j, is a tree composed of n copies of a K i
graph in which one leaf from each copy is joined by an edge to a vertex
called the root vertex (See Figures 7 and 8 for examples).

Theorem 4.6. The following formulas hold for vp,(By k).
(1) For k=1 andn > 2, vp,(Bn1) = 1.

(2) For k=2, vp,(Bn2) = [2].
(3) For k >3, vp,(Bnx) = n.

Proof. (1) For k =1and n > 2, B, is a star, K;,. Any 3-path
in a star will contain the center vertex and thus dominate all
vertices. Hence, yp,(Bn1) = 1.

(2) For k = 2, we pick our 3-paths in the following process. By
Observation 4.3, every vertex adjacent to a leaf must be in a
3-path. In the case of B, s, this will be the vertices adjacent
to the root vertex. Since including leaves in a 3-path will not
dominate anything new, we choose to include the root vertex
as part of all 3-paths. Then, we make unique pairs of support
vertices. If n is even, all have a pair. If n is odd, then the last
3-path will include the nth star’s leaf. See Figure 7.

(3) For k > 3, by Observation 4.3, the center vertex of every copy
of K must be part of a 3-path. It is impossible to include any
two centers in the same 3-path. So we obtain a 3-path for each
copy of K i, and we make sure that at least one 3-path contains
the root vertex. So, since we have n copies, vp,(Bp ) = n. See
Figure 8.

O
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r r

FIGURE 7. The banana trees Bso and Bg,. We pair up
the support vertice s; each with middle vertex r to form
a 3-path. In the n odd case we use the leaf of the last

3-path.
Q O Q O Q O Q O
O O O O O O O O
O O O O O O O O

FIGURE 8. The banana tree Bs 19, where dominated ver-
tices are white, red vertices are in a 3-path, and 3-paths
are indicated by colored edges.

A Harary graph, denoted Hy,,, is a k-regular graph of order n with
k<n-—1and V(GQ) = {vi,va,...,v,}. If k is even, then k = 25 for

some j and we join v; to {vi_j, Vimji1, ..o, Vim1, Vik1, - -+, Vim14g, Uiy }-
If k£ is odd, then k = 25 + 1 for some j and n = 2¢ for some ¢, and
we jOiH v; to {viij Vi—j+1y -+ - Vi—1, Vi1, - - -y UVi—1454, ’UiJrj} and Vite- See

Figure 9 for an example.
Theorem 4.7. For k even, we have yp,(Hy,,) = (%”ﬁ]

Proof. Suppose we have G = Hy, for k even. To construct a 3-path
@, we choose any vertex m to be the middle vertex of our 3-path
and then choose neighbors ¢1,%5 such that there is a path of length
g from m to t; (farthest on the cycle composed of {vy,...,v,} and
{v109, VU3, . . . Uy _1U,, V10, }. Notice, m dominates k + 1 vertices, and
each of the ¢; have an additional g private neighbors so long as n is
sufficiently big. So, () dominates k+ 1+ g + % = 2k + 1 vertices. Note,
() dominates the largest number of vertices possible by a 3-path in G,
since if we choose the ¢; that are closer on the cycle to m, they would
share more neighbors with m, hence dominating less vertices uniquely.
In addition, all the dominated vertices lie on a single path (Figure 9).
We can partition GG into segments of 2k + 1 vertices and possibly one
segment with less than 2k + 1 vertices if 2k + 1 does not divide n. We
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choose the 3-path for each of those segments, and thus we can dominate
with (LW 3-paths and no fewer. O

2k+1

FIGURE 9. The Harary Graph Hg 29 where the black ver-
tices are in a 3-path and the gray vertices are dominated
vertices that are not in a 3-path.
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